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Abstract

We determine the structure over Z of a ring of symmetric Hermitian mod-
ular forms of degree 2 with integral Fourier coefficients whose weights are
multiples of 4 when the base field is the Gaussian number field Q(v/—1).
Namely, we give a set of generators consisting of 24 modular forms. As an
application of our structure theorem, we give the Sturm bounds for such Her-
mitian modular forms of weight k with 4 | k, for p = 2, 3. We remark that
the bounds for p > 5 are already known.

1 Introduction

Let e4 and eg be the normalized Eisenstein series of respective weights 4 and 6 for
'y := SLy(Z), and § the Ramanujan delta function defined by § = 276-373(e3 — €2).
For the Z-module M (I'y;Z) consisting of modular forms of weight & for I'y whose
Fourier coefficients are in Z, we define a ring over Z as

A(F1§ Z) = @ Mk(rl§ Z)-

kEZ

It is a well-known classical result that all the Fourier coefficients of the modular
forms ey, eg and ¢ are integers, and they generate A(I'y;Z). Namely we have

A(Fl, Z) = Z[€4, €g, 5]

In the case of Siegel modular forms for the symplectic group I's := Spy(Z) of
degree 2, there is a famous result of Igusa [4]. He showed such the ring over Z is
generated by 15 modular forms. He also showed that its set of generators is minimal.

In this paper, we consider the ring of symmetric Hermitian modular forms of
degree 2 with respect to Q(v/—1) whose Fourier coefficients are in Z. Since it seems
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to be difficult to give generators of the full space of them, we restrict ourselves to
the case where the weights are multiples of 4. We remark that, the ring of Siegel
modular forms whose weights are multiples of 4 is generated over Z by 23 modular
forms. This is an easy conclusion of Igusa’s result.

In our case, there exists a set of generators consisting of 24 modular forms whose
weights are

4, 8, 12, 12, 12, 16, 16, 20, 24, 24, 28, 28, 32,
36, 36, 36, 40, 40, 48, 48, 52, 60, 60, 72, 84.

The precise statement can be found in Theorem 3.7. In Subsection 3.1, we construct
explicitly these generators.

As an application of this result, we can obtain the Sturm bounds for p = 2, 3
in the case of Hermitian modular forms whose weights are multiples of 4 (Theorem
3.9). We remark that the Sturm bounds for p > 5 are already known in [6].

2 Preliminaries

2.1 Hermitian modular forms of degree 2

We deal with the Hermitian modular forms of degree 2 only for K := Q(v/—1). Let
O be the ring of Gaussian integers, that is, O = Z[v/—1].
Let Hy be the Hermitian upper half-space of degree 2 defined as

H, :={Z € My(C) | L(Z -"Z) > 0},

where *Z is the transposed complex conjugate of Z.
The Hermitian modular group of degree 2

Us(0) := {M € My(O) | 'MJM = J,} (J2 — (?Z —012>)

acts on Hy by the fractional transformation

M(Z) = (AZ + B)(CZ + D)™, ZeH, M= (é lB)) € Uy(0).

We denote by M, (U(Q)) = MP™(Us(0), det*/?) the space of the symmetric Her-
mitian modular forms of weight k and character det/? with respect to U(0). (We
deal with modular forms with character det®/?, but we omit the notation). Namely,
the space My (Us(Q)) consists of holomorphic functions F': Hy — C that satisfy

Ve

F |, M(Z):=det(CZ + D) "F(M(Z)) = det(M)2 - F(Z),



for all M = (é, g) € Uy(O) and F(*Z) = F(Z). Note that det®/? is the trivial

character if 4 | k, and My (U2(O)) = {0} if k is odd.
The cusp forms are characterized by the condition

_
o (F B (éj 2)) =0 forall U e GLy(K),

where ® is the Siegel ®-operator. We denote by Si(Us(O)) the subspace consisting
of all cusp forms in My (Us(O)).

2.2 Fourier expansion
Since any I’ € M (Uy(0O)) satisfies the condition

F(Z+ B)=F(Z) forall B € Hery(O),
it has a Fourier expansion of the form

F(Z) — Z aF(H>€27ritr(HZ)’

0<HeA;3(K)
where
AQ(K) = {H = (h”) S Herg(K) | h“ € Z,2hij S O}
r+st
For simplicity, we write H = (m,r,s,n) for H = (& ; ) € Ny(K), and
m s ?
ap(m,r,s,n) forap | ,_5 2

n
2
For a subring R of C, we define

M (Us(O); R)

= F= > ap(H)e™" M ¢ My(U5(0)) | ap(H) € R (VH € Ay(K))
Hely(K)

We write

q11 = exp(2m'zu), q22 = eXp(27Ti222),

. 212 — 221 . 212 + 221
q12 ‘= €xp QWZT , (12 1= €xp QWZT .
-2

Then for H = (m,r,s,n) € A2(K) we have

2witr(HZ) _ m 71 =s :n
e = 411912912922-



Any F' € M(Us(O); R) can be regarded as an element of
R[q] == Rldiy di5)[dn1, go].

This notation is useful for calculating the Fourier expansion of Hermitian modular
forms.
We consider the Hermitian Eisenstein series of degree 2 defined as

El(Z):= Y (detM) 2det(CZ+D)™*, ZeH,,
M=(¢&p)
where £ > 4 is even and M = 2 l*) runs over a set of representatives of

{ (52 I) } \Uz(0). Then we have

Moreover Ey € M4(Us(Q)) is constructed by the Maass lift ([8]). The Fourier
coefficient of E}, is given by the following formula:

Theorem 2.1 (Krieg [8] (cf. Dern [2])). The Fourier coefficient ag, (H) of Ej is
given as follows.

a’Ek(H)
,1 lf H = 027
2k
) _B_kgk_1<€(H)) if rank(H) =1,
_Ak(k—1) d" Gy (k —2,4det(H)/d*) if rank(H) =2,
| P B ozl

where B,, is the m-th Bernoulli number, B,,, , is the m-th generalized Bernoulli

number associated with the Kronecker character x_s = (=), e(H) := max{l €

N|I"'H € Ay(K) }, and ’

Gaclm. V) o= T (O () = T (V)
T (V) o= 3 xaldd™, i (V)= 3 x a(N/ ™

0<d|N 0<d|N

We can construct cusp forms by using the Hermitian Eisenstein series (cf. [3],
Corollary 2);

Eyy — EyEg € S10(U2(0)),

441 250
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2.3 Siegel modular forms of degree 2

Let Mg(I's) denote the space of the Siegel modular forms of weight k (€ Z) for the
Siegel modular group I'y := Sp,(Z) and S(I'y) the subspace of the cusp forms.
Any F € M (') has a Fourier expansion of the form

F(Z) — Z ap (T)627ritr(TZ)7

0<TeAs

where Z € S, Sy is the Siegel upper half-space of degree 2 and

(the lattice in Sym,(R) of half-integral, symmetric matrices). For simplicity, we
write T'= (m,r,n) for T = <ﬂ; EL) € Ay, and ap(m,r,n) for ap (7? 757/)

2 2
Taking ¢;; := exp(2miz;;) with Z = (z;;) € Hy, we have for T' = (m,r,n)

2mitr(TZ)

. om. . r n
€ = 411912922

For any subring R C C, we adopt the notation
My(T9; R) = {F =) ap(T)e™ ) € My(Ty) | ap(T) € R (VT € AQ)} :

TeAs

Sp(To; R) := My (Iy; R) N Sk(Ts).
Any F' € M (I'y; R) can be regarded as an element of
R[q] := Rlqyy , q12)[a11, g22].-
The space Hy contains the Siegel upper half-space of degree 2
Se = Hy N Sym,(C).
Hence we can define the restriction map
R[q] — Rlq]

via the correspondence F' — F'ls, := F(2ij)|9,=2,, (this means ¢i1 — q11, o2 — ¢,
G12 — 1, Gi2 — qi2). In particular, if F' € M (Uy(O); R) C R[q], we have Fs, €
Mg (T'9; R) C R[q]. This fact follows from each modularity condition. The relation
among the Fourier coefficients of F' and Fg, is given by

aF'SQ (m7 T’ n) = E aF(m7T7 S;n)- (21)
SEZ
4mn—(r2+s2)>0



2.4 Igusa’s generators over 7

Let £ be an even integer with £ > 4. The Siegel Eisenstein series

Gu(Z)== Y det(CZ+D)™* ZeS,

M=(¢& D)

C D
tatives { ((;k i) } \I'y. We write X, := G4 and X := Gg. We set
2

defines an element of M (I'y; Q). Here, M = <

* *
) runs over a set of represen-

43867
Xy = o0 %527 53 (G1o — G4Go)

131 - 593 - 691 441 250
: Gy — —G% — G2
211-36-53-72-337< 2691 691 )

Xig 1= —

Then we have X, € Sp(I's;Z) (k = 10,12) and ax,,(1,1,1) = ax,,(1,1,1) = 1.
Furthermore, we define

Xyg:=2"".3" (X12X24 — X3 X16),
Xyo = 27%(X4X36 — X10X30),

Xy = 272.3" (X12X30 - X4X10X28)>
Xug =272 (X12X36 — X3,).

The graded ring A™)(T'y; R) over R is defined by

"My Z) = D My(To;Z

kemZ

Theorem 2.2 (Igusa [4]). We have Xy, € M(I'y;Z) (k =4, 6, ---, 48) and Y, €
M,5(T'y; Z), which generate the graded ring A®(T'y; Z) over Z. Moreover, the set of
14 generators is minimal.

Remark 2.3. Actually, Igusa determined the structure of the full space AN (T'y; Z)
by using the cusp form of weight 35. However, we do not mention a detailed discus-
sion of this remark because it is not used in this paper.



From Igusa’s result, we immediately obtain the following property.

Corollary 2.4. The ring AW (I'y; Z) is generated over Z by the following 23 gener-
ators:

Syi=Xy, Sipi=Xp, Tip:=Yn, Up:= X@?, S16 := X6 X0,
Tis == X16, Sa0:= X1y, Soa = Xos, Tos:= XeXis,
Sog := Xog, Thg = X10X18, S36:= Xz6, T36:= X128>
Uss := X6X30, Sio:= Xuo, Tuao:= X10X30, Sis = Xys,
Tys := X18X30, Ss2:= X10Xa2, Seo := X§o7 Too = X158 X2,
S7o = X30 X492, Sgs:= XEQ.
Let p be a prime and Z, the localization of Z at the prime ideal (p) = pZ,
namely, Zg) = QN Zj,.
The Sturm bounds of the Siegel modular forms of degree 2 for any primes were
initially given by Poor-Yuen [10]. Subsequently, other types bounds for primes p with

p > 5 and for p = 2, 3 were given by Choi-Choie-Kikuta [1] and Kikuta-Takemori
7], respectively.

Theorem 2.5 (Choi-Choie-Kikuta [1], Kikuta-Takemori [7] (cf. Poor-Yuen [10])).
Let k be a positive integer and p any prime. Let F' € My (I'y; Z,)). Suppose that
ap(m,r,n) =0 mod p for any m, r, n € Z with

0<mn<£
-7 =110

and 4mn — r2 > 0. Then, we have F' = 0 mod p.

2.5 Hermitian modular forms over Z[1/2,1/3]
We set Hy := E, and
61

R 2
Hy = © 910,32, 52 (Es — H),
277
Fio = gy oy (o — Hali)
19 - 691 - 2659
H12 =

S 211 37.53.72.73
2. 72 . E3 9.34.52.72,
x<E12—3 7H$_2 5E§ 29.34.52.72.6791

— HyHg | .
691 691 19 - 691 - 2659

The graded ring A™) (U,(O); R) over R is defined by



Theorem 2.6 (Dern-Krieg [3], Kikuta-Nagaoka [5]). All of Hy, Fs, Hg, Fio, and
H15 have Fourier coefficients in Z, and they generate the graded ring

AP(UR(0); Z[1/2,1/3)).
Moreover, these 5 generators are algebraically independent over C and we have
Hyls, = X4, Eels, = X6,  Hsls, =0, Fuls, = 6X10, Hials, = X12.

Remark 2.7. The ring A® (U (O); R) coincides with the ring AV (U (O); R) of the
full space of the symmetric Hermitian modular forms, because of M (Ux(O)) = {0}
for odd k.

Let p be a prime. Let ord, be the additive valuation on Q normalized so that
ord,(p) = 1. For a formal Fourier series of the form F' = 3", ap(H)e*"H2) ¢ Q[4],
we define v,(F') € Z as

vp(F) = HekI;{K)Ordp(aF(H))'

Then, we have the following properties.

Lemma 2.8. (1) For any F; = Y ap, (H)e?H2) (j = 1, 2) with v,(F;) > —o0, we
have
vp(F1F3) = vp(F1) + vp(F3).

(2) We have v,(Hg) = 0 for any prime p.

Proof. (1) We can easily prove this property, if we define an order for two elements
of A(K) in the same way as in [6].

(2) The statement follows from the fact that Hg € Mg(Us(O);Z) and apg,(1,1,1,1) =
1. O

Lemma 2.9. Let p be any prime and F = Zm,n>0 Amn(F' Gr2, G12)41145 € Zp 4]
Let N be a positive integer. Suppose there exists £’ € Zp|4a] such that F = HgF"
mod p and a, ., (F; Gi2, G12) = 0 mod p for all m, n with 0 < m, n < N. Then we
have am, ., (F'; 12, G12) = 0 mod p for all m, n with 0 <m, n < N — 1.

Proof. This statement can be proved in a way similar to the proof of Lemma 4.4
in Nagaoka-Takemori [9] (see also Kikuta-Takemori [7] Lemma 5.1). In fact, the
Fourier expansion of Hyg is given by

Hg = ¢11G22(4 — 2415 — 2¢12 — 2415
+ 5 i + G2y — 2012 + 415 Gha + Giadia) + - - . (2.2)
This completes the proof of Lemma 2.9. O

We use the Sturm bounds in subsequent sections.
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Theorem 2.10 (cf. Kikuta-Nagaoka [6]). Let p be a prime with p > 5 and F €
My, (U3(O); Zyy). Suppose that ap(m,r,s,n) =0 mod p for all m, r, s, n € Z with

k
0< < |=

and 4mn — (r? + s?) > 0. Then we have F' = 0 mod p.

Remark 2.11. The statement of Theorem 2 in [6] is slightly different from this
statement. Therefore we modify the proof as follows.

The assumption of Theorem 2.10 and the Sturm bound in Theorem 2.5 imply
that F'|s, = 0 mod p. Theorem 2.6 yields the existence of F' € Mj_g(Us(O); Zy))
such that F' = HgF’ mod p. By Lemma 2.9, such F” satisfies the same assumption
of Theorem 2.10 for the weight £ — 8. Hence we can proceed with the inductive
argument on the weight k.

In general, the Sturm bounds imply the ordinary vanishing conditions.

Corollary 2.12. Let F' € M;(Us(O); Q). Suppose that ag(m,r,s,n) =0 for all m,
r, s, n € Z with

0< < k
m, n -
J— 7 [— 8

and 4mn — (r? + s*) > 0. Then we have F = 0.

Proof. We may apply Theorem 2.10 to F' for infinitely many primes p with p > 5. [

3 Structure over 7Z

3.1 Construction of generators
We set

Iy =279 .373(H} — E2) + 2" - 32H)y,

J12 = E627

H16 = 2_1 . 3_1(E6F10 - HEHB)a

Lig :=2"%-3""(HyHs — Hig),

H20 = 2_2 . 3_2(F120 - H4H82 - 22 . 3H8H12),

H24 = 2_3 . 3_1(]‘.[122 - H4H20) - 2_1 . 3_1H8116-
To construct additional generators, we temporarily use the letter K.

Ky :=2""- 37 (HyFyo — EgHs),

Klg = 2_2 . 3_1(E6H12 - H4K14)7
KQQ = 271 . 371(F10H12 - H8K14)7
K3o =271 37 (EgHyy — Ki4lig) + 37 ' HgFio 1.



From these definitions and Theorem 2.6, it is easy to see that
Kuls, = XuX10, Kigls, = X1s,  Kaols, = X10X12,  Ksols, = Xso0.
Finally we put

Ly = EgKs, Ins:=2""3""(FioKis — HiHslys),
Hog := 27" - 37 (HyHoy — Iog) — 37 ' H3 1o,
Hsg = 27" 372(H12Ha4 — I1gHa0) + 7 - 3 2 HgHos + 37" H{ Hys,
I36 := K128, J36 := Eg K30,
Hyo:= 273 (HyHzs — 27" - 37 FygK30) — 5+ 27° - 37 Hy Hg Hog
+ 2 2H3Hy6 + 2" Hy[1oHoo,
Lyg =271 37 (F1oK30 — HiHgHos),
Hyg := 27 %(HyoHzs — Hj,) — 272 Hg(HyoHog + 2H.g
+ 4H8H120H12 — 2H4H82H20 — 2H4H§’H12 + 4Hgl15Ho
+ 2H§H12]12 — LigHoy — 2H§’]16 + 214p),
Iig := K13 K3,
Hso := 271 37N (F1gKyy — 2Hg FiyHyy — 22 Hy Hy9 119 Hog
— 5HyFyol19Ka9 — HgligHos — H3I12116),
Hgo := K§0> Igo := K1g Ky, H7y = K30K 4, Hgy = ngy

where we put
Ky =272 3_1(H12K30 — Ky4Hog) — 2 Hyl19 K.

Note that we have Kysls, = Xao.
By the above definitions and from Theorem 2.6, we can easily confirm the fol-
lowing property.

Proposition 3.1. We have
Hk1|Sz = Skm [k’2|SQ = Tkz and Jk3|52 = Uks
for each kq, ko, k3 with

ky € {4,12,16,20,24, 28,36, 40, 48, 52, 60, 72, 84},
ky € {12,16,24,28,36,40,48,60}, ks € {12, 36}.

3.2 Integralities of generators

The first our purpose is to prove that all the Fourier coefficients of the modular
forms constructed in the previous subsection are integers. We start by proving
several lemmas.

We write Hy = 142435, Eg =1+ 2%- 32T with S, T € Z[4q].
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Lemma 3.2. We have S =T mod 22 - 3.
Proof. For H € Ay(K) with rank(H) = 1, we have
apg,(H)=2*-3-5 Z &2,

0<d|e(H

ag,(H) = —2°-32.7 Z &

0<d|e(H)

The assertion for rank(H) = 1 follows from 5 = —7 mod 2% - 3 and the application
of the Euler congruence

Z = Z d® mod 22 -3
0<d|e(H) 0<d|e(H

Let H € Ay(K) with rank(H) = 2. Then we have

ap,(H)=-2°-3-5 Y d*G(3,4det H/d®),

0<d|e(H)

apy(H) = =2°-32-57"-7 Y d’Gg(5,4det H/d).

0<d|e(H)

The Euler congruence implies that

Y d*Gk(3.,4det H/d*) = Y d*Gx(5,4det H/d*) mod 2* - 3.

0<dle(H) 0<d|e(H)
On the other hand, we have
2°.5=2>-5"-7mod 2°- 3.
Therefore, the assertion holds. O
By this lemma, we can put 7' = S + 2% - 3U with U € Z[q]. Then we have

H,=1+2".38,
FEs=1+2%-3%25+2°.3%U.

This is an important fact for our arguments on the integralities of generators.
On the generator I;¢ For the proof of the integrality of I;4, we use (as in [5])
the correspondence between the Maass space and the Kohnen plus subspace given

by Krieg [8]. We briefly review this correspondence.
We define the congruence subgroup of I'y = SLy(Z) with level N (N € N) as

= { (4 5) e

11
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Let Mk(F(()l)(ZL), x",) be the space of elliptic modular forms of weight & with char-

acter x*, for F(()l)(ll). Let My(Uy(O)) be the Maass space consisting of all of
F € M (Uy(0)) satistying the Maass relation. For the precise definition, see [§]
(p. 676).

The Hermitian modular forms version of the Kohnen plus subspace is defined as

MG (4), x5
= {f = Zaf(n)q" € Mk(F((]l)(4),X’i4) ag(n) =0Vn =1mod 4} .
n=0

Krieg gave the isomorphism as the vector spaces
1 _
ML(T)(4). 0851 — Mu(U(0)).
Taking any
h=3"an(m)a" € M (05 (4), 1551

with ¢ = €*™ and 7 € H; := {r = z + 4y | y > 0}, we can construct a Her-
mitian modular form Lift(h) € My (Uy(O)) using the relation among their Fourier
coefficients

1

o (H) = drt 4det H/d?).
aviin) (H) O<dz|E%H) 1+|X—4(4detH/d2)|ah( et HIE)

Lemma 3.3. We have [4 € M16(U2(O),Z)

Proof. Let e3 be the Eisenstein series of weight 3 for T'{"(4) with character x_y
defined by

o)
es = ac,(n)g"
n=0

=1- 4i > d! (X—4(d) — X4 (%)) q".

n=1 | 0<d|n

We remark that a.,(n) = 0 for all n with n = 1 mod 4. In fact, for n and d with
n =1 mod 4 and d | n, we have x_4(d) # 0 and

Voald) (x-a(d) = x-a (5)) = 1= xalm) = 0.

This means that x_4(d) — x_4(n/d) = 0 for any n and d with n = 1 mod 4 and d | n.
We put

h15 = (5(47')63
= ¢* +12¢° + 64¢" + 36¢° — 128¢" + - - - |
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where ¢ is the usual Ramanujan delta function defined in Introduction. Then we
have hys € MiE(TS(4), x_4) because ag,(n) = 0 for all n with n = 1 mod 4.

Therefore we can apply the isomorphism constructed by Krieg. Hence, there
exists Lift(hys) € Mis(U2(O)) such that

d15
ift (hiz) () = 4det H/d?).
()= D T ade gy e 4 /)

From the definition of hy5, we can see that hy5 = §(47) mod 2 because of e3 = 1
mod 2. Hence, we have ap,,.(n) = 0 mod 2 for all n with n = 1 mod 2. This implies

that
1

1 + ‘X_4(4 det H/d2)’

for each d. Namely Lift(hi5) € Mi6(Uz(O);Z) follows.
By direct calculation, we see that

an,,(4det H/d*) € Z

QL6 (ma TS, n) = aLift(hw)(ma TS, n) - 56@H§ <m7 TS, n)

for all (m,r,s,n) € Ay(K) with m, n < 2 = [16/8]. Applying Corollary 2.12, we
obtain
Il6 = Llft(h15) - 56H82

Since Lift(hy5) —56HZ € M16(Us(O); Z), we have the assertion I15 € My6(Us(O); Z).
O]

Lemma 3.4. We have 6H,5 — Fio + H2Hg = 0 mod 23 - 3%,

Proof. By the definition of Hyg, we have
2-3Hys = EgFyo — Hj Hg.
Hence, we can write as
23 .32 = 6H, Hyy — EgFyo + Hi Hg.

Since 15 € Mi5(Us(0);Z), we have 6 HyH,5 — EgFio+ H2 Hg = 0 mod 23 - 32. Using
the fact that H, = 1 mod 2% -3, Fs = 1 mod 23 - 32, we get

6H12 — F10 + HEHS = 0 mod 23 . 32.

From this lemma, we can write as
6Hyy — Fio+ HiHg = 2° - 3%V

with V' € Z[q]. This description is another important factor for our arguments.
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On the other generators First we remark that the integralities of Jy» = EZ,
Iy = EsKig, Is¢ = Kis, Js¢ = EcKs, Lis = KisKs0, Heo = K3y, Igo = Ki3Kuo,
H72 = K30K427 and H84 == KA%Q follow from that of E6, K187 KQQ, Kgo, and K42.

Lemma 3.5. We have the integralities of all the generators constructed in Subsec-
tion 3.1.

Proof. We prove this for Hy. By the definition of Hyy, we can write as
H20 - 272 . 372(F120 - 12H12H8 - H4H82)
If we use the descriptions

F10:6H12+HZH8—23'32‘/,
Hy=1+2%.38,
Eg=1+2%.325+2°.3%,

then we have

Hyo = Hj, + 32H 3 HgS + 4HZS + T68Hyo HgS? + 384 HZ S*
+ 12288 H3S? + 147456 H3S* + 24 H oV + 4HgV + 384Hg SV
+ 9216 HgS?V + 144V

This shows that Hoy € Z[Hy2, Hg, S, U, V]; therefore, Hyy € Moy (U2(O); Z).
In the same way, we can confirm that all the generators are elements of Z|Hy2, Hg, S, U, V.
The integralities of all of the generators follow from this fact. O

Now we could prove the integralities of our generators:

Theorem 3.6. All the modular forms

H47 H87 H127 ]127 J127 H167 -[167 H207 H247 -[247 H287 ]287
H367 1367 J367 H407 [407 H487 [487 H527 H607 1607 H727 H84

and also
K147 K187 K227 K307 K42

are elements of Z[q].

3.3 Structure theorem

We are now in a position to prove the following main result.
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Theorem 3.7. The graded ring A® (Uy(O); Z) over Z is generated by the following
24 modular forms:

H47 HS; H127 -[127 J127 H167 1167 H207 H247 -[247 H287 -[287
H367 [36> J367 H40a [40a H487 [487 H52> H607 [607 H727 H84-

In other words, for any F' € My (U(O);Z) with 4 | k, there exists a polynomial with
24 variables having coefficients in Z such that F' = P(Hy, Hg, Hio, -+ , Hs4).

Proof. We prove this by the induction on the weight.

For k = 4, the statement is clearly true. Let ko be a positive integer with 4 | k.
Suppose that the statement is true for all & with k& < ko. Let F' € My, (U2(O);Z).
Then there exists a polynomial P with 23 variables having coefficients in Z such
that Fl|s, = P(S4, S12, 12, ,Ss4) because of Corollary 2.4. Then we have F' —
P<H4, le, [12, tee ,H84) € MkO(UQ(O)7 Z) and (F—P(H4, H12, [12, s ,H84))‘§2 = 0.
By the result of Dern-Krieg [3], there exists F' € My, _s(Us(O); Q) such that F' —
P(Hy, Hyo, I12, - -+ , Hsy) = HgF'. Since all Fourier coefficients of P(Hy, Hia, 12, - , Hgy)
are in Z, we have HgF' € My(U2(O);Z). By v,(Hg) = 0 for any prime p, we have
F' € My,-s(Us(O);Z) because of Lemma 2.8. By the induction hypothesis, there
exists a polynomial P’ such that F' = P'(Hy, Hg, Ha, -+ , Hgy). Therefore we have

F = P(Hy,Hi2, 112, -+ , Hsa) + HsP'(Hy, Hs, Hi5 - - -, Hga).
This completes the proof of Theorem 3.7. O

Remark 3.8. To determine the structure of A® (U (O); Z) by our method, we need
Ky € My(Us(O);Z) such that Kygls, = X10X36. However, we predict that there
does not exist such K45 because of the leading terms of the Fourier expansions.
This is mainly why we restricted ourselves to the case in which the weights are
multiples of 4. We also remark that we can construct Kjs € Mys(Uz(O);Z) such
that Kzllﬁlgg = 3X10X36.

3.4 An Application

As an application, we have the following Sturm bounds for any k with 4 | k.

Theorem 3.9. Let p be any prime and k an integer with 4 | k. Suppose that
F e M (Uy(O); Zy) satisfies ap(m,r,s,n) =0 mod p for all m, r, s, n € Z with

k
0< < |=

and 4mn — (r? + s%) > 0. Then we have F' = 0 mod p.

For the proof, we prepare a lemma.
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Lemma 3.10. Let p = 2, 3 and k be an integer with 4 | k. Suppose that F' €
M (Uy(O); Z) satisfies F|s, = 0 mod p. Then there exists F' € M, _g(Us(O);7Z)
such that F' = HgF’ mod p.

Proof. Since Fls, = 0 mod p, we have %F|g2 € My(T'y5;Z). By Corollary 2.4,
there exists an isobaric polynomial P with coefficients in Z such that %F s, =
P(S4, S12,- -+, Ss4). If we put

G := P(Hy, Hys,- -+ , Hyy),

then we have G € My(Us(O);Z) and (F — pG)|s, = 0. By the result of Dern-
Krieg [3], there exists F' € M;_g(Uz(O);Q) such that F' — pG = HgF’. Since
v,(F — pG) > 0 and v,(Hs) = 0 for all primes p with p > 2, it should follow that
F" € My _s(Us(O);Z). Then we have F = HgF' mod p.

This competes the proof of Lemma 3.10. O

Proof of Theorem 3.9. The statement for p > 5 is that of Theorem 2.10. Hence we
prove the new case with p = 2, 3.

Taking a constant multiple cF with ¢ € Z(Xp), we may suppose that F' € M (Us(O);Z).
For k = 4, 8, we have the following as free Z-modules:

My(Us(O); Z) = HyZ,
Mg(Uy(O); Z) = H}Z ® HgZ.

Since Hy = 1 mod p and from the explicit form of the Fourier expansion of Hg in
(2.2), the statements for k = 4, 8 are trivial.

Let k > 12. From [k/8] > [k/10] and by (2.1), we have apj, (m,r,n) = 0 mod
p for all m, n € Z with m, n < [k/10]. Hence we can apply the Sturm bound in
Theorem 2.5 to F'|s,. Then we have Fls, = 0 mod p. By Lemma 3.10, there exists
F' € My, _s(Uy(0);Z) such that FF = HgF" mod p. Then F’ has the property that
ap(m,r,s,n) =0 mod p for any m, n € Z with

0<m, n< ﬁ 1= ﬂ
8 8

because of Lemma 2.9. Note here that 4 | £ — 8, and we can apply the above
argument to F’.

If we apply this argument repeatedly, we have F' = 0 mod p. This completes the
proof of Theorem 3.9. O]
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