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Abstract
We prove that all mod p™ singular forms of level N, degree n + r, and p-
rank r with n > r are congruent mod p™ to linear combinations of theta series
attached to quadratic forms of rank r. Moreover, we prove that the levels of
these theta series divide a number of the form “p-power x N”. Additionally,
in some cases of mod p singular forms with smallest possible weight, we prove
that the levels of theta series should be p.

1 Introduction

Let F' = Y o ar(T)e*™(T%) he the Fourier expansion of a Siegel modular form
F of degree n, where T runs over all positive semi-definite half-integral matrices of
size n. We say that F'is a “singular (Siegel modular) form of rank »” if ap(7T) =0
for all 7" with rank(7") > r, and there exists some 7" with rank(7") = r such that
ap(T) # 0. Freitag [12] showed the following fundamental properties of singular
Siegel modular forms.

e A Siegel modular form of weight k£ and degree n is singular if and only if
k<n/2.

e The weight k of a singular form with singular rank r should be k = r/2.

e All singular modular forms of singular rank r are linear combinations of theta
series attached to quadratic forms of matrix size r.

We should also mention here that Resnikoff [23] and much later Shimura [26] con-
sidered singular modular forms on more general tube domains.

In [4], we defined a notion of mod p™ singular form as follows. Let F =
> s ar(T)e? 1 (T2) be a Siegel modular form of degree n with all Fourier coef-
ficients az(T) be p-integral. We say that F is a “mod p™ singular (Siegel modular)
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form of p-rank r” if ap(T) = 0 mod p™ for all T" with rank(7") > r, and there
exists some T with rank(7") = r such that ap(7") # 0 mod p. In the same paper,
we proved that a congruence relation holds between the weight £ and the p-rank r.
More precisely we showed that 2k —r = 0 mod (p — 1)p™~1. This can be regarded
as a mod p™ analogue to Freitag’s result concerning weights. We also mentioned
that we can construct some examples from any true singular modular forms and also
from some Siegel-Eisenstein series of level 1. Another type of examples is provided
by the work of Nagaoka [20] and Katsurada—Nagaoka [16], who studied p-adic limits
of Siegel-Eisenstein series and showed in some cases that they are equal to certain
genus theta series of singular rank. In particular, some of the Siegel-Eisenstein se-
ries studied by them are then congruent to linear combinations of singular theta
series, i.e., true singular forms. We conjecture that all mod p™ singular forms are
congruent mod p™ to true singular forms with some level, i.e., linear combinations
of theta series with singular weights (< %) and some level.

In this paper, we mainly discuss this conjecture and prove it for many cases,
in particular for “strongly” mod p™ singular forms: More precisely, we prove the

following properties.

e All mod p™ singular forms of level N, degree n+r, and p-rank r with n > r are
congruent mod p™ to linear combinations of theta series attached to quadratic
forms of rank r and of some level (Theorem 3.2 (1)).

e We show that the levels of these theta series divide p°/N with some e € N
(Theorem 3.2 (2)).

e In the case where the weights are the smallest possible in some sense, then the
levels of theta series should be p; this is proved for the case of mod p singular
forms of p-rank 2 (Theorem 3.6).

Of course, our results can be regarded as the congruence version of Freitag’s
results. However, there are many new difficulties in mod p cases. For example, if
a degree n theta series for a quadratic form S is congruent mod p to a level one
modular form, then this does not specify the level of S. This is one of the main
differences to the case over C. We can use the filtration (weight) of the theta series
as a kind of substitute, but this has rather weak properties. As new tools we use
a modified version of the g-expansion principle and a degree n version of Kitaoka’s
transformation formula for theta series. These are shown within appendices of this
paper and may be of independent interest.

We remark that we chose to consider only modular forms for groups of type I'g (V)
and quadratic nebentypus character. This allows us to consider congruences modulo
rational primes (not modulo prime ideals in suitable algebraic number fields); also
we wanted to avoid some delicate issues concerning congruences for Siegel modular
forms of nonquadratic nebentypus. Instead, we show at the end of the main text
of this paper how some of our results can be extended to the setting of mod p™
singular forms for arbitrary m.



This paper is organized as follows. In Section 2, we fix notation and definitions,
and review known facts. In Section 3, we explain our conjectures and main results of
this paper. In Section 4, we provide one of our main tools: An expansion of the rank
r-part of the Fourier expansion of any modular form and its formulation for mod
p™ singular forms of p-rank r. Then in Section 5 we focus on the mod p case. We
first give a kind of Sturm bounds for mod p singular forms and use it to show that
every strongly mod p singular modular form is represented by a linear combination
of theta series for some quadratic forms. In Section 6, we try to specify the levels
of the quadratic forms. We also discuss mod p singular forms with p-rank 2 whose
weights are the smallest possible. In Section 7, we extend the results for the mod p
case (precisely, results for general strongly mod p singular forms) proved in Section
5 and 6 to the mod p™ case by induction on m. Section 8 and 9 are appendices:
We provide two tools that are needed for specification of the levels that we do in
Section 6, namely a modified version of the g-expansion principle, and an extension
to degree n of Kitaoka’s transformation formula for theta series.

Note added in proof: In subsequent work we have applied these results to con-
siderations about p-adic limits of Siegel-Eisenstein series [5].

2 Preliminaries

2.1 Siegel modular forms

Let n be a positive integer and H,, the Siegel upper half space of degree n defined
as
H, ={X + | X, Y € Sym,(R), Y > 0},

where Sym, (R) is the set of symmetric matrices of size n with components in R.
We put
GSp, (R) := {g € GLa,(R) | *gJ,g = n(g)J, for some n(g) > 0},

where J, == (°p o»). We define the action of GSp, (R) on H, by ¢Z = (AZ +
B)(CZ+ D) ! for Z € H,,, g € GSp,/ (R). For a holomorphic function F' : H,, — C
and a matrix g = (4 ) € GSp;/ (R), we define the slash operator in the usual way;

nk

(Flx 9)(Z) :==n(g)” det(CZ + D) "F(gZ).

We sometimes omit k& and simply write F|;, g as F|g.
Let T, := Sp,,(Z) be the Siegel modular group of degree n, i.e.,

I, = {7 € GLon(Z) | 'y Jpy = Jn} .



Let N be a g)ositive integer. In this paper, we deal mainly with the congruence
"(N) with level N of T, defined as

subgroup I';
may.— d (A B
We will also use the groups
may.— (A B
) ={(5 5)er

r™(N) = {(é g) cl,

where '™ (N) is the so-called principal congruence subgroup of level N. We remark
that

CEOandN}.

C =0, mod N, detAEdetDE1mod]\/}7

B=C=0,mod N, AEDElnHIOdN},

r™(nN) c r”(N) c T{(N) c T,

For a positive integer k and a Dirichlet character xy mod N, the space Mk(F(()n) (N),x)
of Siegel modular forms of weight k with character y consisting of all of holomorphic
functions F': H,, — C satisfying

(FL)(2) = x(@etD)F(2) for 4= (3 D) €T,

If n = 1, the usual condition in the cusps should be added. When y is a trivial
character, we write simply M, (T (N)) for My (T{” (N, x).

Let T' D T™(N). Similarly as above, we denote by M(I') the space consisting
of all of holomorphic functions F': H,, — C satisfying

(Fle7)(2) = F(Z) for w:(g‘ f))er.

In this case also, we have to add the usual condition in the cusps when n = 1.

Let p be a prime p with p{ N, and v a Dirichlet character mod p. Let " denote
either I (p™)NT™ (N) or T (pm) T (V). In this paper, the notation Mj,(T, )
and M (T") will also be used for such groups I', and these spaces are defined in the
same way as above.

Note that, for any Dirichlet character y mod N, we have

My (D™ (N)) > ML (N)) > Mi(DFV (N, ).

When F € My(T') with T' D T'™(N), N is called the “level” of F. Sometimes T
itself is also called the level of F'.
Any F € M(T™(N)) has a Fourier expansion of the form

F(Z)= Y ap(Detx(TZ)), Z€cH,,
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where e(z) := ¥

A, = {T = (t;;) € Sym,(Q) | ti, 2t;; € Z }.

In particular, if ' € Mk(an)(N )), the Fourier expansion of F is given in the form

F(Z)= Y ap(T)e(tx(T2)).

0<TeAn

It is known that

My (T (N)) = @ Mi(T5V(N), x),

where x runs over all the Dirichlet characters mod N. We remark that, if F' €
Mi(TSV(N), x), then we have

ap(T[U]) = (det U)*x(det U)ap(T)

for each T € A,, and U € GL,(Z). Here we write as T[U] := *UTU. In particular,
if x(—1) = (=1)*, we have ap(T[U]) = ap(T) for each T € A, and U € GL,(Z).
Let ® be the Siegel ®-operator defined by

p . Z" 0
ey e (2 8)

where F' € Mk(F(()")(N),X), 7' € H,_1, and t € R. As is well-known, we have
O(F) € Mk(F(()n_l)(N), x) and the Fourier expansion of ®(F') is described as

o(F)Z) = Y ar (g 8) e(tr(TZ)).

0<TeA, 1

Suppose that F' € Mk(Fé”)(N),X) satisfies ®(F) # 0 (and then F # 0). Taking
v E Fé")(N) as v = (o %), we have Fl, v = (=1)""F = x(—1)"F because of
the transformation law of F. Therefore we have y(—1)" = (—1)"*. On the other
hand, by the same property of ®(F) # 0, we have x(—1)""' = (=1)""V%_ These
imply that x(—1) = (=1)*. In this case (of ®(F) # 0), we have automatically
ap(TU)) = ap(T) for each T' € A,, and U € GL,(Z).

For a subring R of C, let M(T', x)r (resp. My(I')r) denote the R-module of all
modular forms in My (T, x) (resp. My(I')) whose Fourier coefficients are in R.

2.2 Congruences for modular forms

Let p be a prime and Z, the set of p-integral rational numbers. Let F; (i = 1, 2)
be two formal power series of the form

Fi= Y ap(T)e(tx(TZ))
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with ap,(T) € Zg,) for all T € yA,,. We write Fy = F, mod p™ if ap, (T) = ap,(T)
mod p™ for all T' € %An.

Let My,(TY (), x)pm be the set of F = 3 ap(T)e(tr(TZ)) with F € M(T{V(N), x)
where ap(T) := ap(T) mod p™. If m = 1, we write simply M(T{”(N),x) for

Mk(Fén)(N), X)pm. Note that, Mk(Fén)(N), X) is a vector space over F,,.
We define the filtration weight as

Lpys

Wity (F) = min{k | F € My(T§?(N), x)pn }.
We write also wy, | (F) := wy, ,(F).

Definition 2.1. Let F € M, (I""™(N), X)z,,- We say that F'is “mod p™ singular”
if

e we have ar(7T) = 0 mod p™ for any T' € A1, with rank(7") > r,
e there exists T € A, 4, with rank(7") = r satisfying ar(T") Z 0 mod p.

We call such r “p-rank” of F. Additionally if n > r, we say that such F'is “strongly
mod p™ singular”.

Remark 2.2. (1) Such a condition “strongly singular” also plays a crucial role in
Freitag’s book [12] for the theory over C for arbitrary congruence subgroups.
(2) If F is nontrivial mod p™ singular, then F' satisfies ®(F') # 0. This implies
that x(—1) = (—=1)* and ar(T[U]) = ap(T) for each T' € A,, and U € GL,(Z)
(see Page 5). In other words, when dealing with nontrivial mod p™ singular
modular forms, we may assume that y(—1) = (—1)*.
Theorem 2.3 (Bocherer—Kikuta [4]). Let n, r, k, N be positive integers and p an
odd prime. Let x be a quadratic Dirichlet character mod N with x(—1) = (—1)*.
Suppose that F € Mk(an+r)(N),X)Z<p) is mod p™ singular of p-rank r. Then we
have 2k —r =0 mod (p — 1)p™~L. In particular, v should be even.

It is a classical result by Serre [24] that a congruence mod p for two elliptic
modular forms f and g for level one implies a congruence of their weights mod p—1.
We need a version for degree n including levels and quadratic nebentypus:

Proposition 2.4. Let p be an odd prime and N a positive integer with p  N.
Let ¢ and ¢ be two quadratic Dirichlet characters mod p and F € Mk(Fé") (™) N
(N, 0), F' e Mp(T8 (™) n T (N, ¢) be two modular forms satisfying F =
F'modp. Thenk—FK =t- p%l holds for some t € Z and we have

=1 =t even.



Proof. We want to apply the results from Bocherer-Nagaoka [8] to get the desired
congruences for the weights. Note that in [8] only the case of level I\ (N) with N
coprime to p is covered. We may apply level change to F' and F’ to arrive at G and
G’ of level Fg")(N) with F' = G mod p and G’ = F’" mod p with weights [ and [’.

Let ¢ = ¢/'. Then we have k = [ mod p — 1 and ¥’ =’ mod p — 1. By [8], we
have [ =1’ mod p — 1 and hence &k = k' mod p — 1, i.e., t is even.

Let ¢ # ¢’. Assume that v is nontrivial. Then we have [ = k + ’%1 mod p — 1.
Again by [8], we obtain [ = I’ mod p — 1 and hence k + ”T_l = k' mod p — 1. This
implies that ¢ has to be odd. This completes the proof. O

To formulate our results efficiently, we introduce the following (somewhat non-
standard).

Definition 2.5. For an odd prime p and a positive integer N with pt N, let y and
X' be two quadratic Dirichlet characters mod pN. Suppose that & — k' = ¢ - p%l
holds for some t € Z. We write
/ /
X=X

if Xy = Xy, and x, and y;, are related as in Proposition 2.4; i.e.,
Xp =X, < t even.

Here xny and x, are the N-component and p-component of x (and the same for x’).
In other words, we have

/ / / * '
X=X <= X=X \|2]>
p
where (2) is the unique nontrivial quadratic character mod p.
Note that this notation depends on k, k' but it will always be clear form the
context, which weights are involved.

2.3 Theta series for quadratic forms

For two matrices A, B, we write A[B] := '‘BAB, whenever the product is defined.
Let m be a positive integer. For S, T € A,,, we write S ~ T mod GL,,(Z) if
there exists U € GL,,(Z) such that S[U] = T. We say that S and T are “GL,,(Z)-
equivalent” if S ~ T mod GL,,(Z). We denote by A the set of all positive definite
elements of A,,. We put L := A, or A}. We write L/GL,,(Z) for L/ ~ the set of
representatives of GL,,(Z)-inequivalence classes in L.

Let m be even. For S € A we define the theta series of degree n in the usual
way:

050 (2) = > e(t(S[X]Z)) (Z€H,),

Xezmn



where Z™" is the set of m X n matrices with integral components. We define the
level of S as
level(S) := min{N € Zs, | N(25)™* € 2A,,}.

Then Hgn) defines an element of M%(Fl()")(N ), Xs), where N = level(S), xs is a
Dirichlet character mod N defined by

xs(d) = sign(d)® <(_1)2|j|et(25 >> |

We denote by cont(S) the content of S defined as
cont(S) := max{C € Zs, | C7'S € A,,}.
For fixed S € At and T € A,,, we put
A(S,T) = t{X € Z™ | S[X] = T

Using this notation, we can write the Fourier expansion of the theta series in the
form
050 (Z) = Y A(S,T)e(tx(TZ2)).
TeAn

In the above definitions, S and 7" are restricted to symmetric half-integral ma-
trices, but the same symbols (such as Qg")(Z ) and A(S,T)) are used for symmetric
matrices with rational components. Then A(S,S) is the order of the automorphism
group of S

A(S,S) =t{U € GL,,(Z) | S[U] = S}.

By looking at minimal polynomials, one sees that GL,,(Z) cannot contain elements
of order p if p > m + 1. From this we obtain the very useful statement that

A(S,S)#Z0modp if p>m+1 (2.1)

for any rational positive definite symmetric matrix S of size m.
For later use, we introduce some results on the representation numbers for binary
quadratic forms:

Theorem 2.6 (Dirichlet, Weber (see Kani [15], Lemma 8, page 4)). Let T', T; € Ay
(i = 1,2) be primitive forms, i.e., cont(T) = cont(T;) = 1. Assume that Ty and
Ty have a same discriminant D = —det(27;) < 0. Then we have the following
statements.

(1) There are infinitely many primes | such that A(T,1) > 0.
(2) If there exists a prime | with | ¥ D such that A(Ty,1) > 0 and A(Ty, 1) > 0,
then Ty ~ Ty mod GLy(Z).

Theorem 2.7 (Bocherer-Nagaoka [7]). Let n be a positive integer and p a prime
with p > 2n+3. Let S € AJ be of level p. Then there exists I € MpTH(Fn)Z(p) such

that F = Qg") mod p.

For a quadratic form S € Af,, we put wy  m(S) = Wi | m (6), Wi (S) =
W (9(“))
Noxp\"s /-



3 Conjectures and Results

We begin by stating our conjecture in the most general situation which does not
specify the weight and level.

Conjecture 3.1. Let p be an odd prime. Any mod p™ singular form is congruent
mod p™ to some true singular form.

Our first result states that this conjecture is true in the strongly mod p™ singular
case (if p is not small).

Theorem 3.2. Let n, k, N be positive integers, and r an even integer with n > r.
Let p be an odd prime with p > r + 1 and x a quadratic Dirichlet character mod N
with x(—1) = (=1)*. Suppose that F € Mk(FénH)(N),X)Z(p) is mod p™ singular of
p-rank r. Then we have the following statements.

(1) There are finitely many S € Af/GL,(Z) such that

F = Z nggn-&-r) mod pm (CS € Z(p))
S

and an) € Mk(I’(()”)(N), X)pm-v (and hence wy  m-. (S) < k). Herev := vpy(cs)
and v, is the additive valuation on Q normalized so that vy(p) = 1. Moreowver,
all S involved satisfy x =" xs.

(2) For a suitable e € N, all of S € A appearing in (1) satisfy that level(S) | p°N.

Remark 3.3. (1) Actually, each cg is described in terms of the primitive Fourier
coefficient for S of F'. For details, see the proof in Section 7.

—

(2) The statement on 65 € My(FY"(N),x),m-» can be rephrased by csf” €
Mk(an)(N), X)pm. Note also that v =0 if m = 1.
(3) We emphasize that we do not know anything about e.

We expect that the theorem above holds in the most general case:

Conjecture 3.4. Theorem 3.2 should hold for any odd prime (not only forp > r+1)
and without the assumption n > r.

The smallest weights (see Theorem 2.3) where we can expect mod p singular
forms, which are not true singular forms, is of special interest. In these cases, we
expect also the power e of p in the levels of theta series to be the smallest possible:

Conjecture 3.5. Let n be a positive integer, r an even integer, and p an odd prime.
We put

r/2+(p—1)/2 if r=2mod4, p=—1mod4

k=k(p,r):=
(.7) {r/2+p—1 if r=0mod 4.



Let N be a positive integer and x a quadratic Dirichlet character mod N with
x(=1) = (=1)k. Suppose that F € Mk(FénH)(N),X)Z(p) is mod p singular of p-
rank r. Then we have

F= Z cSQk(g”M) mod p (cs € Zgy)).
SeAf /GL(Z)
level(S)|pN

In the special case of N =1, r = 2, we can prove this conjecture:

Theorem 3.6. Let n be a positive integer and p a prime with p > 2n + 7. Suppose
that F' € M%l (Fn+2)z(p> is mod p singular of p-rank 2. Then we have

F

Z 0595,;7”2) mod p  (cs € Zgy)).

SeAS /GLa(Z)
level(S)=p

Supplement 3.7. In the same situation as in Theorem 3.6, the degree one form
O™ (F) is nonzero mod p.

Remark 3.8. We remark that Theorem 3.6 and Supplement 3.7 have some potential
for showing the nonvanishing of Fourier coefficients mod p in some interesting cases,
e.g., a degree 3 modular form satisfying ®?(F) = 0 mod p cannot be mod p singular.
This implies the existence of some nonvanishing rank 3-Fourier coefficients ap(T)
mod p of Klingen-Eisenstein series F' := Eg’2(h) attached to a cusp form h of
degree 2, provided that its Fourier coefficients are in Z,). Note that such Fourier
coefficients are quite delicate, given by some critical values of L-series attached to
h and to T' € AJ, if h is a Hecke eigenform (see [2, 19] for more details on Klingen—
Eisenstein series). To cover more general cases, versions of this for congruences
modulo prime ideals in the field generated by the Hecke eigenvalues of h will be
necessary.

4 Refinement of Freitag’s expansion

In this section, inspired by Freitag [11, 12], we give a formal expansion of the “sin-
gular part” of the Fourier expansion of any modular form and apply it to mod p™
singular forms.

We fix some notation. Let M,(R) be the set of all n x n matrices whose

components are in R. We put MT(LT)(Z) = {M € M,(Z) | rank(M) = r} and
MA(Z) == M{"(Z). Similarly we write A := {T € A, | rank(T) = r} (A} = AJ).
Let F' be a modular form of degree n + r with Fourier expansion

F(Z)= Y a(T)e(tx(TZ)).

TeAn+'r
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We write a(S) :=a () &) when S € A, We define a subseries F},j of F' as

F(Z):= Y a(T)e(tx(TZ)).

Tel,

In Bocherer—-Raghavan [9] (see page 82 and 83), the notion of “primitive Fourier
coefficient” was introduced; we denote it by a*(.S) for S positive definite. Namely,
a*(S) is defined by the formula

a(8) = > a*(S[G7Y)).
GECL,(Z)\M*(Z)
S[G~YeA,
We recall that by this formula, we can define a new GL,.(Z)-invariant function a*(.5)
starting from the GL,(Z)-invariant function 7' —— a(T") on A,, using a generalization
of the Moebius inversion formula in terms of Hecke operators for GL,.
As explained in [9], this can also be written as

afy= 3 ﬁ S (), (4.1)
SeAf /GL(Z) WeM;(Z)
SW=T
where €(S) := A(S, S). We use this version.

Using the Fourier coefficients a(S) with S € A and their modification, a slight
refinement of Freitag’s argument gives by formal rearrangement of the Fourier ex-
pansion our crucial identity. Note that the statements are only claiming the equality
of the Fourier coefficients on both sides (ignoring questions concerning convergence!).

For two matrices A and B with the same number of rows, we denote by (A, B)
the concatenation of A and B.

Lemma 4.1. Let x be a Dirichlet character mod N such that x(—1) = (—1)*. Let
F e Mk(F(()"M)(N), X). Then we have

LA DRI D DI U0 5)2 e
SeA /GL.(2Z) (X1,X2) €L X"
rank(X1,Xo)=r
Observe that
ST et(SI(X1, X2)]2) = Y e(tr(S[X]Z)) = 05 (2).

(Xl,XQ)EZT’TXZT’" XGZT,n-Q—T

Hence if we can prove this lemma, then Fj, can be expressed by an infinite linear
combination of (subseries of) theta series;

Fy= ), @ (5) (09 (4.3)

SeAS /GL(2)
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In other words, the Fourier coefficient a(T) for T' € A is given by

)= Y “5) 45,7,

e H(S)
€A /GL.(Z)

We emphasize that this is a finite sum. This formula can also be derived directly
from (4.1).

It should also be noted that Fj,) is not a modular form since some part of the
Fourier expansion is missing.

Proof of Lemma 4.1. For X, € Z™", Xy € Z"", we can take W € M*(7Z) such that
(X1, Xo) = W(Gy,Gs) and (¢, &,) € GLyy (Z). This W can be regarded as “ged”
of X7 and X5. We observe that such W is unique up to a factor in GL,(Z) from the
right. We switch this action of GL,(Z) to (G1,G2). Then we can write the right
hand side of (4.2) as

2 ae*(S) 2 > e(tr(S[W][(G1,G2)]Z)).  (4.4)

SeAt /GLi(2) (5) wart @ (rcneat@nar sz
(Gl Gz)EGL"+T(Z)

We put S[W]| = T and we rewrite the summation over S as over 7. Then (4.4)
becomes

> a(T) > e(tr(T[(G1, G2)]Z)) (4.5)

TeAj (Gl’Gf)ESLT (Z)\Z"" x7."™
(Gl G2 )EGL""‘T(Z)

because of (4.1). If we put U := (&, &,), then we have T[(G1,G2)] = (§2)[U].
Therefore we have a(T) = a (§ ) = a(T[(G1,G2)]). Then (4.5) can be written as

>, > a(T[(Gy, Go)))e(tr(T[(G1, G2)] 2))

TeAt (G1,G2)EGL(Z)\Z™" x 2™
* *
(¢ Gy )EGLn1r(Z)

= 3 aelt(T2)) = Fi(2).

(r)
T€A7L+7

Here the first equality in this formula follows from the fact that, if T € Af and
(G1, G3) run as in the subscript, then T'[(G1, G2)] runs over all elements of An+r O

Let Z, € H,, Zy € H,,. Consider the restriction of F' to Z = ( 0 ZOQ)'

F(Zol Zg) > br(Za)e(tr(TZy)).

TeA,
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Then we have ¢r(Z;) € Mk(F(()n)(N), x) for any T' € A,.. For the proof of this fact,
we refer to Andrianov [1] (page 83 and 84).
On the other hand, for a function G(Z, Z3) (Z, € H.,., Z, € H,,) of the form

G(Z1,Z2) = ) pr(Za)e(tr(TZ)),

TeA,

we put
G(Z1,Z2)" =Y or(Za)e(tr(TZy)).

TeA)
Then we have

b
F(%l 202> =Y or(Zo)e(tr(T2y)).

TeAS

Note that still we have ¢r(Z3) € Mk(F(()n)(N), x) for any T € A
Now assume that F' is mod p™ singular of p-rank r. Then from F' being mod
p™ singular we obtain F (201 ZOQ) = Iy (201 ZOQ) mod p™ and hence F (Zol ZOQ)ﬁ =

Fiy (% 2 )ti mod p™. It follows from Lemma 4.1 that

# a*
Fiy (Zol gz) = > (5) > e(tr(S[X1]Z1)e(tr(S[X2] Z2))

+ E(S) T n
SeAr /GL:(Z) (X1,X2)€Z™" X7
rank(X1,X2)=r

- Y TS e zeli(s1) %)

SeAT /GL(Z) (X1,X2)EL"" XL
rank(X1)=r
- o) e(tr(S[X1]21)) e(tr(S[X2]Z2))
) (S)
EAF/GLy(Z) X1€Z77 XoeZrm
rank(X1)=r
@*(5) i .
= > (09(20))108" (Z2).
€(S5)
SeAf /GLy(Z)
This implies that
or(Z)= > AST) 5 05" (Z,) mod p
SeAS /GL:(Z)

for any 7" € A. Hence we obtain

> A2 mod " € TR (N), 0

SeAS /GLy(Z)

13



In the ordinary case (over C), the key in Freitag’s setting would be that a(.S) can
be different from zero only if level(S) | N. In our mod p™ setting, we get a condition
on the filtration of Q(Sn) for S € A} with a*(S) # 0 mod p™. More precisely, we get
the following property.

Proposition 4.2. Let n, k, N be positive integers and r an even integer. Let p
be an odd prime with p > r 4+ 1 and x a quadratic Dirichlet character mod N with
x(=1) = (=1)*. Suppose that F € Mk(F(()n+r)(N),X)Z(p) is mod p™ singular of p-
rank r. Then we have a*(S)Gg") mod p™ € Mk(Fé")(N),X)pm for any S € Af. In
particular, if S € A} satisfies a*(S) Z 0 mod p™, then we have Hgn) mod p"
€ Mk(rgn)(N),X)anfu (and hence wy  m-.(S) < k) with v = vy(a*(S)). Moreover
x =’ xg holds.

Proof. Note that all a*(S) lie in Z,), since they are obtained from the Fourier
coefficients a(T") by linear combinations with coefficients in Z.

Seeking a contradiction, we suppose that there exists S such that the claim is
not true. Let Sy be one of S such that det.S is minimal among such S. Then we
consider

a*(S)

- A(S, Sp)—=2 o
Ps, Z ( ) 0) 6(8) S
SEAT/GLL(2)
det S<det So
a*(S
= > AS.S) ( >9g”>
€(S)
SeAf /GLy(Z)
det S>det Sy

= a*(SO)Qgg) mod p™.

Here the last congruence follows from the fact that S % Sy mod GL,(Z) implies

A(S,Sp) = 0. Since p 1 €(S) by (2.1), we have ‘Zg)é’gn) mod p™ € Mk(F(()n)(N), X)pm

for any S € A} with det S < det Sy. It follows that

a*(S n m T n
Os, = ), AlS.S0) 6<<s>)9é)modp & My(T§ (N), X)pr
SEGL(Z)\AF
det S<det Sp

This implies a*(So)Hgg) mod p™ € M (T (N), X)pm. This is a contradiction. Hence
we have a*(S)an) mod p™ € Mk(Fén)(N),X)pm for any S € AF. In particular if
a*(S) # 0 mod p™, then we have G(Sn) mod p™ " € Mk(r((]n)(N)7X)pm—u with v :=
vp(a*(S)), and therefore wiy .-, (S) < k. The statement y =’ xg follows from
Proposition 2.4. ]

For later use, we mention a simple consequence of Proposition 4.2 for the mod p
case.

14



Corollary 4.3. Let n, k, N be positive integers, v an even integer with n > r. Let
p be an odd prime with p > r+1 and x a quadratic Dirichlet character mod N with
x(=1) = (=1)*. Suppose that F € Mk(F(()nJrr)(N),X)Z@) is mod p singular of p-rank
r.

(1) For any S € A} with a*(S) #Z 0 mod p, we have Og) € ]\N/[k(F(()T)(N)7x).
(2) Take S € A} such that det S is minimal among those for which a(S) Z 0 mod

p. Then we have Hgn) € Mk(an)(N), X) and therefore wy;  (S) < k.

Remark 4.4. The statement (2) can be proved also by the mod p version of Freitag’s
original arguments in [12]. Our strategy can be viewed as a refinement of his method.

Proof of Corollary 4.3. (1) By Proposition 4.2, we have 9;”) € Mk(Fé")(N), X)-
Hence the claim follows from ®"~"(65") = 67 immediately.

(2) If S € A} satisfies such the minimality condition, we have a*(S) = a(S) by the
definition of a*(S). The claim follows from this fact. O

5 Description by theta series for the mod p case

In this section, we prove Theorem 3.2 (1) for m = 1. Therefore, we treat the
mod p singular case in this section. The goal is to show that all strongly mod p
singular modular forms are represented by a linear combination of finitely many
theta series. In our method, two new tools are important: the existence of “abstract
Sturm bounds” for detecting mod p singular forms and the refinement of Freitag’s
expansion as exposed in the previous section. The nice thing is that we do not need
to consider the exact level of the theta series.

5.1 Abstract Sturm bounds

In general, “Sturm bounds” give an explicit finite set of 7' € A,, such that a modular
form of degree n, with Fourier coefficients in Z,), is congruent to zero mod p if (and
only if) all its Fourier coefficients at the elements of this set are congruent to zero
mod p, see e.g., [22, 27]. Such an explicit finite set would usually contain quadratic
forms of all ranks. We need a version, which involves only quadratic forms of rank
> r (finitely many) to detect mod p singular forms. We only need the existence of

such a set, so we do not discuss explicit bounds for its size.
Let x be a quadratic Dirichlet character mod N. Let M,f:flng(F(()HM) (N), x) be the

submodule of M (D™ (N), X)z,, consisting of all mod p singular modular forms
with p-rank < r. We denote by M]f::ing(Fén+r)(N),X) the set of reduction mod p
of elements of My, sing (D)) y). This is a subspace over F, of the vector space
M(T(N), x). We consider the quotient space

V = Vi, == My(DS™(N), x)/ MESS (TS (N), ).

15



Then we have dim V' < oo, since dim Mk(F(()n+r)(N), X) < oo. For fixed T € A, 4,
with rank(7") > r we define a linear map ¢y : V — F, by

Cr(F + M5 (N), X)) = ap(T).

Clearly, the set L of all such ¢ is “total” for V, i.e., the intersection of the kernels
of all /7 is trivial. By linear algebra (V is of finite dimension!) we can choose a
finite subset Tpirr = {lry, ..., ¢r,} of L which is still total for V.

Conclusion: In the situation above, there exist finitely many Ty, ..., Ty with all T;
of rank larger than r such that for all F € Mk(FénH)(N),X)Z(p) the vanishing of

P

ap(Ty) for all T; implies that F' is mod p singular of p-rank < r.

We call such 7,4, a “Sturm set” for mod p singular forms.

5.2 Proof of Theorem 3.2 (1) for m =1

For the Sturm set 7,.,_1 (C A;\) corresponding to M, ,f:fi_nlg(FéT) (N)), we take a positive
integer M such that
M > max{detT | T € T;,_1}.

We put
G:=F— Z 2] (5) it

SeAT /GL(Z)
det S<M

and consider g := ®"(G). Note here that the summation over S is finite. Then we

have *(S)
n a T
g=o"(F)— > 05
e(S)
SeAT/GLA(Z)
det S<M

and § € M, (T (), x) by Corollary 4.3 (1).
We prove now that g € M,f"fflf(f‘g)(]\f ), Xx). It suffices to check the Fourier
coefficients a,4(T) for all T € Ty ,_;. It follows from (4.3) that

a*(S
W= S L8
SeAt /GL.(Z)
det S>M

for any T € Af. If S[X] =T with X € Z"" then det S[X] = det S(det X)? = det T
and hence det S < detT. This implies that A(S,T) = 0 for T" with detT" < det S.
Therefore we have a,(7") = 0 for any 7" € 7,.,—1. Thisimplies g € M,f:fijlf(Fér)(N), X)-

Suppose that ¢ Z 0 mod p. Then ¢ is mod p singular of some p-rank r’ < r.
By Theorem 2.3, we have 2k — r = 2k — 1" = 0 mod p — 1 and hence ' = r mod
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p — 1. Since " < r < p — 1, this is impossible. This shows ¢ = 0 mod p. Taking
into account that F' and G are mod p singular, we obtain that G = 0 mod p. This
completes the proof of (1) in Theorem 3.2. O

Remark 5.1. The condition “n > r” was necessary to assure g € Mk(F(()r)(N), X)-

6 Specification of levels

6.1 Proof of Theorem 3.2 (2) for m =1

In the situation of Theorem 3.2 we have to specify the levels of S € A} involved: To
do so, we use Corollary 9.3, which follows from the modified g-expansion principle

and Kitaoka’s formula. We observe that 8 € M,(T(N), x). Then Corollary 9.3
shows that the level of S is of the form requested and also the statement about the
nebentypus follows. O]

Now we prove Theorem 3.6 in the remainder of this section. Namely, we discuss
the case where the p-rank is 2 and the weight is the minimal one allowing mod p
singular modular forms, which are not truly singular, i.e., 1 + ’%1.

6.2 Proof of Theorem 3.6

In Theorem 3.2, we assumed n > r. In this subsection, we discuss the special case
of n = 1 and r = 2; this is the simplest case where the condition “strongly mod
p singular” is violated. We use instead very special properties of binary quadratic
forms.

Proposition 6.1. Let p be an odd prime. Let S € AJ be of level N = p? N’ with
p1 N'. Suppose that le) = ¢ mod p for some ¢ € My(I'1)z,,. Then N' =1, i.e.,
level(S) = p/.

Remark 6.2. To include the case of n = 1, we should look at the degree 1 theta
series 9591) and ¢ € My(T'y).

Proof. Seeking a contradiction we suppose N > 1. We apply Theorem 9.1 of Ki-

taoka’s original result for n =1 to Qg with M = (pj N/). Then we have
9(51)|M =kK- 99),

where S’ is the same as in the proof of Proposition 9.2. Then N’S’ is half-integral,
(N',cont(N'S")) = 1, and cont(N'S’") = p® when p® || cont(S). Then I]:[—O:S’ € A is
primitive. Therefore we can take a prime [ with {1 N’ such that

A(s',l'p ) :A(NS,Z> £ 0 mod p.
N/ pOé

17



However, since ¢ is of level 1, we have also

[-p* [-p®
A<S/’W> E%( G ) = 0 mod p.

This contradicts and we get N/ = 1. ]

Hence level(S) is a power of p in the situation of Proposition 6.1. Then det(25)
also should be a power of p. By the elementary divisor theorem, we can find U,

V € GLy(Z) such that
pt 0

Then we have U(25) = (pi 0 > V~! and hence

0 pi+j
trr a1 0 —1t
U28)U = p (0 p,) VoL,
If we put W :=V~1U = (51 12), then we can write
UEsS)U=p (. " w3ﬁ).
esyu = (G0 w0
Since U(2S5)!U is symmetric, we have ws = wsp’ and
UEs) U=y " w3pi>.
(29) P <w3p’ wyp?

Here, for later use, we assume that det(2S5) is an odd power of p. Then j also
should be odd and therefore we write j as 2j + 1. Putting a := wy/2, b := w3p’ /2,
d := wy/2, we have

.. i a bpj+1
S ~ S(Z,]) =P (bpj+1 dpzj—H) mod GLQ(Z)

with adp — b*p* = p. From these argument, we may assume that S = S(i,j) when

we consider 9(51) with det(25) an odd power of p.
Now we try to show that high powers of p in the level of S imply high filtration
weight of Hél):

Proposition 6.3. Let p be a prime with p > 5 and S € AJ. Suppose that det(2S5)
1s an odd power of p. Then we have

1 ivj Pt1
w(lly) > p

where i, 7 are determined by
.o i a b +1
S=S5(i,j)=p (bpj-i—l dgng)
with adp — b*p? =

18



Before proving this proposition, we confirm some notation and facts on filtration
of modular forms mod p for degree 1 given by Serre [24] and Swwinerton-Dyer [28].
Let f = > ,ar(n)e(nz) be a formal power series with as(n) € Z,). We write
w(f) for wi,(f). Let V(p), U(p) be the operators defined by

flV(p) Zaf e(pnz),

flU(p) =) as(pn)e(nz).

n=

Then we have w(f|V(p) = pw(f), w(£1U()) < w(f).

We put w(S(i, 7)) :== “(eg()i,j)>'

[e=]

Proof of Proposition 6.3. Using the facts that 9(51) Gg}(l 1)) ]V(p) and w(f|V(p)) =
pw(f), we have

w(S(i, j)) = p'w(S(0, ).

Furthermore, by comparing the representation numbers of A(S(0, 5),pn) and A(S(1, j—
1),n), we can easily confirm that

05, |U(p) = 0

S(1,-1)"

Since w(f) > w(f|U(p)) in general, we have

w(5(0,)) 2 w(S(1,j = 1)) = pw(S(0,7 —1)).

This implies

pt1

w(S(i,7)) > pw(S(0,0)) = p™w(S(0,0)) = p'*7 . :

Here the last equality follows from w(S(0,0)) = 2! and this is due to Theorem 2.7.
This completes the proof. O]
Corollary 6.4. Let p be a prime with p > 5 and S € AS. Suppose that Hg) =¢
mod p for some ¢ € MpTH (I'1)z,,- Then we have level(S) = p.

Proof. The assumption le) = ¢ mod p implies

pt1

w(S) < 5

(6.1)
On the other hand, the level of S is a power of p because of Proposition 6.1.

Then det(2S) is a power of p. Note here that, actually in this case, the power of
p is odd, because the quadratic character yg should have nontrivial p-component,
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otherwise ’%1 = 1 mod p — 1 should hold and this is impossible. Hence we can
assume that S = S(7, 7). Then we have

pt1
.

Combing this with (6.1), we have ¢ = j = 0. Namely, we obtain level(S) = p. O

w(S) = w(S(,5)) = p*7 -

We can now prove our result for the case of p-rank 2.

Proof of Theorem 3.6. Let {T4,--- ,T),} C A /GLy(Z) be a set of the representa-
tives of GLg(Z)-equivalence classes of binary quadratic forms with level p. Note that

Q(nH) e My (T (p), (7)), and there exists G; € My (I'ny2) such that G; = Q(T:LH)

mod p by Theorem 2.7. Then G; is mod p singular, because H(TT;H) is true singular.
Then we consider

H =F— Z —ag ( ) G € Mp+1 (Fn+2)z(p).

This H is a mod p singular of some p-rank r’ < 2.
Now we suppose that still 7/ = 2. Then we can take S € AJ with ay (%) #Z0

mod p such that det S is minimal. By Corollary 4.3 (2), we have 9%1) € Mp%l(lﬁ).

By Corollary 6.4, we have level(S) = p and hence S ~ T; mod GLy(Z) for some j.
However, from apy (8 79) = 0 mod p for any ¢, we have aH( 2) =0 mod p. This is
a contradiction.

Therefore we have ' < 1 or H = 0 mod p. If H # 0 mod p, then we have
p+1—7"=0mod p— 1 because of Theorem 2.3. This is impossible, we therefore

get H =0 mod p. This completes the proof of Theorem 3.6. O

Proof of Supplement 3.7. To prove ®""1(F) # 0 mod p it is sufficient to assure the
mod p linear independence of the binary theta series in question: Let {Tl, T}

be as in the proof of Theorem 3.6. As stated in Kani [15], 9< ) (j=1,--- h,) are

linearly independent over C. Now we prove that 9(1) (j = 1 -+, hy) are linearly
independent over IF),.

Suppose that ZZ 1 ¢i0 (T) = 0 mod p. Then, for any n > 0, we have

hp
Z ¢;A(T;,n) = 0 mod p.

i=1

By Theorem 2.6 (1), we can find infinitely many primes [ such that A(7;,[) > 0 for
each 7. Then we have A(T},1) = 0 for any j with j # 4, because of Theorem 2.6 (2).
Since A(T;,1) = 2,4,6 Z 0 mod p, we have ¢; = 0 mod p. This shows ¢; = 0 mod p
for any 7 with 1 <1 < h,. Therefore 9%_ ) (j =1, ---, hy) are linearly independent
over [F,. This completes the proof of Supplement 3.7. ]
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7 From mod p to mod p™

In this section, using induction, we extend Theorem 3.2 for m = 1 (proved in the
previous sections) to the case of general m. The main reason why we prefer to give
a mod p version first and then extend to arbitrary powers is the technical difficulty
which one encounters, when one tries to give a mod p™ analogue of our abstract
Sturm bounds. We avoid such a problem in this way.

We start with proving the following weaker version of Theorem 3.2.

Theorem 7.1 (Weaker version of Theorem 3.2). Let n, k, N be positive integers,
r an even integer with n > r. Let p be an odd prime with p > r + 1 and x
a quadratic Dirichlet character mod N with x(—1) = (=1)*. Suppose that F €

Mk(F(()nM)(N), X)z,, s mod p™ singular of p-rank r. Then there are finitely many

S € A /GL.(Z) of level dividing p° N with ng) € Mk(F(()n)(N), X) (only mod p) such
that

F= Z 500 mod p™ (cs € Zyy). (7.1)
S

Moreover, all S involved satisfy x =" xs.

Proof of Theorem 7.1. We prove the statement by induction on m. We have already
proved the statement for m = 1. Suppose that the statements (1), (2) in Theorem 3.2
are true for any m with m < mq. We consider the case m = mg. Note that 2k—r =0
mod (p — 1)p™ ! by Theorem 2.3. Therefore we can write k = 5 +¢ - p%lpmo_l.
By the assumption, F' is mod p™~! singular (because of mod p™ singular) and

therefore by the induction hypothesis, we have

F = Z ngfqnw) mod p™ ! with ¢g € Ly,
SeAt
level(S)|p°1 N

for some ey, and all S involved satisfy y =’ xs.

We recall from [6] that for any prime p, there exists F € M b=t (I‘[()"M) ®): (2))z,,

satisfying £ = 1 mod p. We put G := > ¢ cseg””) - B Note here that F,
G ¢ Mk(F(()"M)(pelN),X)Z(p) because of x =" xg. Consider H := #(F -G) e

M(TI 7 (per ), X)z,- Then for any T', we have
ap(T) = ac(T) +p™ 'agy(T).
Since ap(T) = ag(T) = 0 mod p™ for any T with rank(7") > r, we have ay(T) =0

mod p for any 7" with rank(7") > r. This means that H is mod p singular of some
prank ' <r. By 2k —r' =2k —r=0modp—1and 0 <7’ <r <p—1, we have
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r" = r. Therefore ay(T) # 0 mod p for some T with rank(7") = r. Again by our
theorem for m = 1, we have

H = Z dr 0 modp with  dg € Zy),

ReAT
level(R)|p2 N

and all R involved satisfy xy =" xz. Noting G := > cseg””) BT =3 CSGE@"H)
mod p"°, we have

F=G+p™'H
ST et ottt N dpfet mod p

SeAt ReAS
level(S)|p1 N level(R)|p®2 N
This completes the proof of Theorem 7.1. O]

Completion of the proof of Theorem 3.2. We first claim that the coefficients cg in
(7.1) coincide mod p™ with ((S)) provided that the summation in (7.1) is restricted
to pairwise GL,(Z)-inequivalent elements of Af. To see this, we take an arbitrary
So € Af. Then (using freely the notation from Section 4)

a(Sy) = ZCSA(S, So) mod p™
s

holds and passing to primitive Fourier coefficients gives

a*(Sy) = ZCSA*(S, So) mod p™.
s

Now A*(S,Sp) = €(Sp) if S and Sy are GL,(Z)-equivalent and zero otherwise; this
proves the claim from above.

To complete the proof of Theorem 3.2, we have to prove an) € Mk(F(()n) (N), x)pm—v;

this follows now directly from Proposition 4.2. This completes the proof of Theorem
3.2. O

8 Appendix A: Modified g-expansion principle

To specify the level of theta series in our theorems, we need some control over
the behaviour of congruences of modular forms, when we switch to other cusps.
The “g-expansion principles” available in the literature do not exactly provide the
information necessary for our purpose.

We fix a prime p and a posmve mteger N with pt N. For m > 0 let R, be a
11

]

subring of C containing Z[eN P , € % N
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Theorem 8.1. Let p be an odd prime and N a positive integer with pt N.
(1) Let f € Mk(F(()n)(pm) NT™(N)). Then for all v € F(()n)(pm) we have

f e MM (™) NTO(N)) g, < fley € Mu(T{ (™) NTO(N))g

m

(2) The same statement as in (1) holds for f € Mk(l“(()n) (p™) NTM(N), (5))-

The case m = 0 is the statement of the usual g-expansion principle in the for-
mulation of Pitale et al. [21] proved by Katz [17] for n = 1 and Ichikawa [14] for
n > 1. The main point in our version is that f and f|y share the same p-integrality
property. Note that one only needs to prove one direction of the theorem. The aim
of Appendix A is to prove this property.

For this aim, we need the existence of modular forms &, € MlO(F(()n) (p))z,, and

& € My, (5" (p), (£))z,, such that
& =1 mod p,
Eilw; =0modp (1 <j<n).

Here w; can be any element (& 5) € I, with C being of rank ¢ in M, (F,). We
mention that the congruence condition of &£ can be rephrased as saying that for any
~v € Iy, we have

Ely=lmodp <= ~el{’(p)

and &|y = 0 mod p for v & T (p).

The existence of such & was explained in [3], under the condition p > n +
3. However the reasoning there should be simplified. The only assumption is the
existence of a modular form E of degree n with level 1 such that £ = 1 mod p. This
is assured by the condition p > n + 3 in Bocherer-Nagaoka [6]. But the condition
can be made weaker, if one does not demand such F to be of weight p — 1.

For a prime p with p = 1 mod 4, one can use the existence of a p-special even
unimodular quadratic form (rank 2p—2) and its theta series; here “p-special” means
that S has an automorphism of order p without nontrivial fixpoints. For a prime
p with p = —1 mod 4, such quadratic form exists for rank 4p — 4. Both existence
results are shown in Dummigan-Tiep [10]. So such E exists for any prime p (even
for p = 2). Using this fact, now we can prove the following statement which is an
improvement of Theorem III ¢) in [3].

Theorem 8.2. For any odd prime p, there exist E; as above for some l; (i =0, 1).

Proof. We prove the existence of &. We put

Hj = E—piE(pz2) (z€H,).
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It follows that

Hplwj=E=1modp for h<j,
H;|w; = 0 mod p.
Then one takes products of these H; to get the function &.
As for the the existence of &, we take just & from above and a theta series

Hg") of level p with quadratic nebentypus (;‘—)) attached to the quadratic form S
corresponding to the p-special lattice. Then for a suitable ¢ > 1,

is( r)lebentypus analogue for &; t has to be large enough to kill denominators of

8.1 Proof of Theorem 8.1 (1) for m =1

We prove Theorem 8.1 (1) for m = 1. We take £ := & from Theorem 8.2. Taking

an appropriate power « of £, we consider a trace from level F(()") (p) NT™(N) to level
I™(N):

F=fE+ > (f&)5;

7 mod p

where 0, are representatives of the left cosets not in F[(]") (p) NT™(N), in particular,
£l9; = 0 mod p. Applying -, we see that 0, - v & an) (p) and hence (fE€*)[0;-v=0
mod p. We observe that F is of level '™ (NN) and hence we may apply the ordinary
g-expansion principle: We have

Fly = (flv)€* = f|y mod p.

In particular F'|y is p-integral and hence f|v is also p-integral. This completes the
proof of (1) for m = 1. O

8.2 Proof of Theorem 8.1 (1) for m > 2

We prove Theorem 8.1 (1) for m > 2 by induction on m. We suppose that the
statement is true for the level T (p™~1). We put

m—1 1n On

Fi=E@m ') =p mbEg (p 0 1 ) € My(T§" (p™))z, -

Here [ is the weight of £ = & and z € H, is the variable of £. Taking some
positive integer o, we consider fF and the trace of this from F(()") (p™)NTM(N) to

24



Ty (pm=1) N T(N);

p—1

= tr(fF*) = [F* + Z FF) (8.1)

p—
Z Flrv) (Flow)®,

I, 0 ) .
where v, = <pm_’f Ny L ) and w runs over a complete set of representatives of integral

symmetric matrices of size n mod p except the trivial coset p - Sym, (Z). Now we
prove that (f|vw)(F|vw)® = 0 mod p. By a direct calculation, we have

pmil : ]-n On 1n On 1n On pmil . 1n On
m—1 = : (82)
0, 1,/ \p" " Nw 1, Nw 1, 0, 1,

This implies
1 On (m— 1) nl m L. n n n

0
1
nl 1-]_
(m-1)% n
ema(l, ) (L )-

Since &| (A2 %) = 0 mod p and we can put &| (i %) = pX for some p-integral
Nw 1, Nw 1,

modular form X = X,,. Then we have

1 0” _ OTL pm_l'ln On
F'(mle 1) p 5‘<Nw 1)( 0, 1n)
1yl m=1.1 0,
= p~ V% (pX)| (p 0n 1n)

= pX(p™ '2) = 0 mod p.

Therefore (f|7vy)(F|7w)* = 0 mod p follows if « is large. By the assumption that f
is p-integral, F' i 1s also p-integral.

Now let 6 € F ( "), we may apply induction because F' is of level F J(pm=1N).
We start form (8. 1) for F and apply 0 to it: If f is p-integral, then F'is also p-integral,
and then F|d is also p-integral. By (8.1), we have

p—1

FI6 = (f16)F* + > (fF*)|1ud

J=1

The first term on the right hand side of (8.1) is congruent mod p to f|6. We prove
(fF*) |70 = 0 mod p. To prove this, we must multiply (8.2) from the right by
0= (pmc d) We get

pm—l ) 1n On 5 o a pm—lb pm—l . 1n On
0, 1,) = \wha +pc wNp™lb+d 0n, 1,/
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Since p f wNa and by a similar argument as above, we obtain F|v,d = 0 mod p.
This shows (fF*)|7,0 = 0 mod p for large . This implies that F|§d = f|0 mod p
and hence [ is p-integral. O

8.3 Proof Theorem 8.1 (2)

A minor variant of the proof above applies if f € Mk(F(()n) (p™) NT™(N), (3)). The
proof above needs to be modified only for the step “m = 1”7, where one has to use

a function £ = &; of Theorem 8.2. O

9 Appendix B: Kitaoka’s formula

In this Appendix, we generalize Kitaoka’s theorem to higher degree to specify the
level of theta series in our theorem. We then apply this in practice and discuss
levels.

9.1 Generalization of Kitaoka’s formula

We freely switch here between the language of (positive integral) quadratic forms
S (or integral symmetric matrices) and the language of lattices L in an euclidean
space (R™, (, )). The aim is to get a degree n version of a result of Kitaoka; we
state it here only in the version sufficient for our application and allowing a rather
short proof. A more sophisticated version generalizing the computation of Kitaoka
would lead to a more general statement.

For M = (%) € SLy(R), we denote by 9 the n-fold diagonal embedding of M
into Sp, (R), namely, 0 := (&~ i ).

Theorem 9.1. Let d be a positive divisor of N with (d, %) =1, and ¢ := &. Choose
integers a, b such that M = (2Y%) € SLy(Z). Then, there exists a constant k such
that for any an even integral positive definite lattice L of rank m = 2k and level N,
one has

0 M = k- 6, (9.1)

where L' is a lattice characterized by

o7 — L®7Z, if ptd,
p " :
(L®Z,) if p| d,

and “«” denotes the dual.

Before we begin the proof, we need to prepare some more notation and recall
the facts: Kitaoka [18] proved the degree one version of this statement for a more
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general type of theta series

Q(Ll)(qxz) = Z q(;)e2ﬂ<x,zs>-z

reL

allowing homogeneous harmonic polynomials ¢ on C™ as coefficients in the theta
series. An inspection of his proof shows that the constants of proportionality do
NOT depend on those harmonic polynomials.

Ibukiyama [13] investigated holomorphic differential operators D on H,,, which
are polynomials in the partial holomorphic derivatives, evaluated in diag(z1, - - , 2,);
Such a D maps holomorphic functions F' on H, to holomorphic functions D(F)
defined on HY such that, with the notation above

D(F|i M) = D(F)[VM -+ [ M

holds for arbitrary M € SLy(R) with certain weights k; > k. The upper index z; at
the slash operator indicates that |, M should be applied w.r.t. the variable z;.

He also showed that from all the D(F') one can recover the Taylor expansion of
F with respect to the non-diagonal coefficients of Z = (z;;) € H,. To show the
theorem, it is then enough, to show the equality of both sides after applying all such
differential operators.

To do this we need some more notation: For a fixed differential operator D of

Ibukiyama type and wy, - - - ,w, € C™ changing the automorphy factor from det® to
ky,--- , k, in the variables zy,--- , 2, we define
DeZmZ(wi,w]-)zij _ P(wl, o 7wn)627riZ(wi,wi)Zi

with z; ;= 2;;. Then P is a harmonic polynomial in each of the variables w; and we
may write it as a finite sum of pure tensors:

P(U]l, e 7wn> = ZQLt(wl) “'QTL,t(wn)v
t

where the ¢;; are harmonic polynomials in the variables w;.

Proof of Theorem 9.1. Applying D to the right hand side of (9.1) gives

fe D008 (@) (1) - 05 (g (20).

Applying D to the left hand side gives

1 1
D01 (@) (=) 07 (@) (20) e M [, M.
t
Now one has to use Kitaoka’s result in degree 1 to get our assertion. O]
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9.2 Application

Kitaoka’s formula allows us to exclude certain congruences between modular forms
and theta series of higher level (as far as the prime to p components of the levels
are concerned):

Proposition 9.2. Let n be an even positive integer and p a prime with p > n + 1.
Let N, N’ be coprime to p and S € A} with level p®N. Assume that

p’N' | p°N and ¢ = Hgn) mod p
for some ¢ € Mk(Fén)(pr’),X)Z(p) with x> =1. Then N = N’ and xy = (xs)n-

Proof. We want to apply the modified g-expansion principle. To do so, we must
modify ¢ and Hg") to arrive at the same weights and same (quadratic) p-component

of nebentypus: We take £ € M po1 (Fé") (p), ()) from Bocherer-Nagaoka [6] such that
FE =1 mod p. Then Proposition 2.4 allows us to choose t € N such that 9‘5”) - B!
and ¢ have the same weight and the same p-component of nebentypus (this holds if

k > %; the modification for the case of the opposite inequality is obvious). Then we
can indeed apply Theorem 8.1 to 1 (¢ — GSqn) . Et>.

P
We may enlarge b (if necessary) to get a = b. Assume that there is a prime ¢
different from p with ¢"||N and ¢°||N" with s < r. We apply Kitaoka’s theorem to

65 with

By the modified g-expansion principle Theorem 8.1, we have Qfgn)|931 = +¢|9M mod
p, where the 4 comes in from applying M to E*.

Let L correspond to S and correspond L’ to S’. Then S’ is a rational symmetric
matrix with ¢" appearing in its denominator. The Fourier expansion of G(Sn)|9ﬁ =

K - Hgf) has a S’th Fourier coefficient which is
k- A(S,S).

Since p > n+1, we see from (2.1) that A(S’,S’) Z 0 mod p. On the other hand, ¢|9
does not have a nonzero Fourier coefficient at S, because the ¢-part of the width of
the cusp 9 for Fé") (p*N') is ¢° with s < r. Therefore, k- A(S’,S") and hence k must
be divisible by p, i.e., K € p- Ry. But the modified g-expansion principle tells us
that 9(;)|9th1 =1. ng) is p-integral, in particular + € Ry.. This is a contradiction,
and we obtain N' = N.

The statement about the N-components of nebentypus characters follows by

applying the modified g-expansion principle Theorem 8.1 with any integral matrix
(é B) satisfying C' = 0,, mod p"N and det D = 1 mod p. ]

Corollary 9.3. Let n be a positive even integer and p a prime with p > n+ 1. Let
S e Af. Assume that 9(5") = ¢ mod p for some ¢ € M(TTV(N), X)z,,, with x* = 1.
Then the level of S is of the form “p-power x N'” with some N' | N and x =" xs.
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