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§1. Infroduction




Infroduction

o Fl = SLQ(Z),

e ¢4, cg: the normalized Eisenstein series of weight 4, 6 for I'y, i.e.,

oo oo

=1+240) | > | q*, es=1-504> | > & |q"

=1l O{d|n

o/0: the Ramanujan delta function, i.e.,

§:=279.373(e] —e2)

= q—24q¢* +252¢° + - - - .



Classical Result

e My(I'y;Z): Z-module consisting of modular forms of weight k for I'y s.t.
Fourier coefficients are in Z.

Defin

Al Z @Mk ['y;Z) (algebra / Z).
kEZ

Classical Result:
A(Fl; Z) — Z[€4, €6, 5]



How about the case of
several variablese

e Siegel modular forms --- Igusa’s result 1979
Hermitian modular forms - -- unknown!

Today’s Talk:
A result on Hermitian modular forms over Q(y/—1).




§2. Preliminaries




Hermitian modular forms (of degree 2)
e Base field: K := Q(v/—1), O :=Z[\/—1],

e Hermitian upper half space:

Hy :={Z € My(C) | =(Z —*Z) > 0 (pos. def.) },

1
27

e Hermitian modular group:

— 0, -1
Us(0) :={ M € My(O) | "M JoM = Jo} (Jo := (13 022))




Generalized fractional tfransformation

e Generalized fractional transformation:

M(Z):= (AZ + B)(CZ + D)™ !,

A B
Z ey, M= (C D) S UQ(O)




Definition of Hermitian modular forms
F': Hy — C: holomorphic function,

e [: Hermitian modular form of weight k& for Us(O)
(with character det"®/?)

& p(M(Z)) = det(M)? - det(CZ + D)*F(2),

A B
for VM = (C’ D) c Ux(0).
e [: Symmetric (resp. Skew symmetric)

& F('2) = F(Z) (vesp. F(1Z) = —F(2)),




Some remarks
o My (U2(0)) (= MY™(Ux(0), det*/?))

:={ symmetric Hermitian modular forms

of weight k with character det”/? },

Remarks:

(1) YM € U(0), Fe € O% s.t. det M = &2,
(2) 4| k = det*/? =1,

(3) k: odd —> My, (Uz(O)) = {0}.



Fourier expansion
o [' € Mk(UQ(O)) —

F(Z)= ), 6 ap(H)g", ¢7=e""12 ZecH,
0<HeAs(K)

Here H runs over all positive semi-definite elements of

AQ(K) = {H = (hw) = Herg(K) | hi; € Z, Zh@j cO }
e R C C: ring,

Mk(UQ(O),,R) = {F = Z CIF(H)Q'H | (LF(H) e R (VH c AQ(K)) }
HeAs




Hermitian Eisenstein series

e k> 4: even

Ey(Z):= Y (detM)2det(CZ+ D)™, ZeH,

M=(¢ D)

— E € M, (U2(0);Q).

* *

_ Xk
Here M = (C D) runs over the representatives of { (02 *) } \U2(0).

e ap, (H) can be calculated by Krieg’s formula!




Krieg's formula

aE;, (H)
1 it H = 0,,
2%
_ ) g, o+ 1( (H)) if tk(H) =1,
Ak
ﬁ N @Gk (k- 2,4det(H)/d?) if tk(H) =
e .,
0<d|e(H)

Jm,X—a(N) = Z X—4(d)dm:~ mx 4 Z X —4 N/d




Structure theorem over Z[1/2,1/3]

We put H4 = E4,,

61 5
Hg := T 510,32 52 (Es — Hj),
277
Fiyg = — Ein— H.FE
19 - 691 - 2659
Hio

037 .58 .72 . 73’
1 2.5 929 . 34 . 52 At
Eqo — H3 — E?
X( 127 7691 4T 691 8 T T 196912659

H4H8) :




Structure theorem over Z[1/2,1/3]
Define

A (U (O @ M, (U3(O); R) (algebra/R).

kemiz

Theorem (Nagaoka-K):
) All Fourier coefficients of Hy, Eg, Hg, Fo, Hi2 are in Z,

(2) we have
AP\ (Uy(0); Z[1/2,1/3]) = Z[1/2,1/3][Ha4, Eg, Hs, F1o, H12).

Remark: 5 modular forms are alg. indep. over C, by Dern-Krieg’s result.



§3. Main Results




Construction of generators over Z

We set

Lo :=27%.373(H3 — F2) + 2*- 32H5,,

g = E;,

Hig:=2""-37Y(EsFo — H; Hg)

L =223 (HyH12 — Hip),

Hyg :=2"2.37%(F}, — HyHg — 2% - 3HgH;5),
Hyy :=27° .37 (Hi, — HyHy) — 271 - 37  Hgly.




Construction of generators over Z

In order to construct further generators, we use K.
Ky :=2""- 37 (HyF1o — EgHg),
Kis =223 (EsH12 — HyiK14),
Koy :=271 '3_1(F10512 — HgK14),
Kso:=2""-3"Y(EgHa4 — K14116) + 3~ ' Hy Fio12,
Kag :=27% 37 (H12K30 — K14Has) — 27 ' Hy 12 K9s.




Construction of generators over Z

Finally we put

Iy = EgK1g, Hog:=2""'-3 ' (HyHyy — Iog) — 3 'HZIo,
Ing := 27" - 37" (FioK1s — HyHgl1s),
36 =271 -37?(Hi2H24 — I1¢H20) + 7- 3 *HgHog + 3~ ' Hy Ho,
I3¢ := Kis, J36 1= Eg K30,
Hyo :=27%(HyHz — 27" - 371 FioK30) — 5277 - 37 Hy Hy Hs,
+27?Hg Hyg + 2~ ' HgI1oHo,
Lo := 27" - 37 (FioK30 — HiHgHog),




Construction of generators over Z

Hyg := 2_2(H12H36 — H224) = 2_3H8(H12H28 + 2H 9
+ AHgH? Hyiy — 2H HZHog — 2H,H3 Hy9 + 4Hgl12Hog
+2HSH o115 — I1gHoy — 2Hg I16 + 2149),

14§ := K18 K30,

Hso := 27" - 37N (FygKyo — 2Hg F{yHiy — 2° Hy Hy5 115 Hog
— 5HgFiol12Ka22 — Hgl16Hos — HgI12116),

Hgo := K3, lsp := K18 K42, Hro := K30HK42, Hgy = K},




Structure theorem over Z (main result)
Theorem (K):

(1) All Fourier coefficients of them are in Z,

(2) A (U,(0);7Z) is generated over Z by 24 modular forms

Hy, Hg, Hyo, L2, J12, Hie, 16, Hoo, Ho4, I24, Hog, Iog,
Hsg, 136, J36, Hao, Lao, Hag, lag, Hs2, Heo, leo, Hr2, Hga.

(2) <= VF € My(U3(0);Z) with 4 | k, AP € Z[X] (24 variables) s.t.

F = P(Hy,Hg,Hy2,--- ,Hgy).




§4. Proofs
(without details)




lgusa’s generators over Z
o M;.(I's;7Z): Siegel modular forms of wt k for I'y := Sps(Z), s.t. FC are in Z,

Define
A™)(T,; R) : @ M (I's; R)  (algebra /R).

kemZ
Theorem (Igusa (1979)):

X € Mi,(T2;Z) (k = 4,6,10,12, 16, 18,24, 28, 30, 36, 40, 42, 48),

Y75 € Mlg(FQ;Z) S.t.

APD(Ty;7) = Z[ X4, X6, -, Xas]-

14 generators




Variant of Igusa’s result

Easy conclusion of Igusa’s result:

AW(Ty; Z) is generated over Z by 23 generators;

Si:= X4, Si2:=X12, T2:=Y1a, Up:=Xg,

Si6 == X6X10, Ti6:= X16, S20:= Xip Soa:= Xau,

Toy := X X18, S2g:= Xog, Tog:= X10X18, 536 := X3,
Tse := Xig, Use:= XeX30, Sa0:=Xao, Tuo:= X10X30,
Sas := Xag, Tus = X18X30, Ss2:=X10Xa2, Se0 := X3,
Too == X18 X2, S72:= X30X42, Ssa:=Xps.




Restriction map

e Sy = Hs N Sym,(C) C Hy: Siegel upper half sp.,

|§2

e We can define a restriction map My (Us(QO)) — M (T's),

e We have

aF|s, (m,r,n) = E ap(m,r,s,n).
SeZ
dmn—(r*+s52)>0

r r+si
Here (m,r,n) = (? Q)j (m,r,s,n) = (; ) € Ao (K).
2

2
5 T



Restriction of our generators
We proved (in [Nagaoka-K])

Hyls, = X4, Eg|s, =Xe, Hsls, =0, Fiols, =6X10, Hizls, = X12-

This implies

Relation among generators:
Hk1|§:-2 s Skla Ifi‘rzlﬁg — Tfﬂzﬂ and Jfg3|32 2 UkS
r each k1, ko, k3 with

k1 € {4,12,16, 20, 24, 28, 36, 40, 48, 52,60, 72, 84},
ko € {12,16,24,28,36,40,48,60}, ks € {12,36}.




For example

I :=27%.373(H} — E2)+2*-32Hy
— T :=27%.373(X3 — X2) +2*. 32X,

16 :— 2_1 . 3_1(E6F10 — H42H8) — 816 = XﬁXl{],

6 : =223 (HyHip — Hig) — Tig:=2"7 37" (X4X12 — X6X10),

Hyo:=2"2.37%(F% — HyH — 22 - 3HgH,3) — Sy := X3,



Proof of the structure theorem

First we prove
All FC of our 24 generators are in Z —  Structure theorem is true.
Proof. Induction on the wt.
dimc My(U2(0)) =1, dimc Mg(U2(0)) =2 =
My(U3(0); Z) = HyZ, Mg(U2(0)9;Z) = HZ & HZ.
Suppose that the statement is true for Vk < ko with 4 | k, 4 | ko.

F e Mk‘u(UQ(O):Z) — F'ﬁz S MkU(F%Z)



Proof of the structure theorem

lgusa

— 3P € Z[X] (23 variables) s.t. Fls, = P(Sy,S12,T12, - ,S84)

= — = G =F — P(H4?H12}.[12? SR TrI‘.Lrg4) & M}CU(UQ(O),Z)

and Gls, =0
Dern-Kri
er:‘,r»leg F" € My,—s(U2(0);Z) s.t. G = HgF"
Induct. Hypo.

—  JQ € Z[X] (24 variables) s.t. F' = Q(Hy, Hg, Hio,--- , Hgy)

—> F = P(Hy,Hio, 112, - ,Hgy) + HsQ(Hy, Hg, Hyo,- - - , Hgy)



Proof of integralities

We write

HeAs(K)

R[q] := { Z a(H)e* " (HZ) | o(HY e R 3 .

/

Hy;A1+2%-3S, Eg:=1+23-32T with S, T € Z[q]

Euler cong.

—> S=Tmod?2?-3 = 3JU€Z]q]st. T=85+22.3U.

Key Fact 1.

Hi=1+2*.3S, Eg=1+2%-325+2°-33U




Integrality of |
Il - -+ A maass lift of ell. MF for Fgl)(4);

has == 01 f3 — 2860™° £5 + 19266 f3
= ¢* +12¢° + 6447 + 36¢° — 128¢'° — 1152¢'* — 936¢'% — 504¢™* - - -

—> I =27%-37'(HyH2 — Hy6) € Z[q]
— 6H Hio — EgFio+ H}Hg = 23 - 3%, = 0 mod 23 - 32

(() Hig=2"1-371(EsFio — H:Hs))




Integralities of all generators

—> 6Hq19 — Fio + HEHS = () mod 23 - 32

() Hy=1mod 2*-3, Eg=1mod 2°-3?)
y Fact 2.

3V € Z[q] s.t. Fio = 6H12 + HjHg — 2° - 3°V

By this relation, we can prove all generators are elements of

Z[HIQ:I HS& S? Uﬂ V}



An example of such the description
Hog =272 -37%(F% — 12H\oHg — HyHZ?) (By Def),

Fio =6H5 + H42H8 —23.3%V.
Hy,=1+2%.35, Eg=1+2%-329+2°.3%U.
We have

Hoo = H?, + 32H 9 HgS + 4H3 S + T68H 5 Hg S* + 384H3 5>
+ 12288 Hg S” + 147456 H5 S* + 24H15V + 4HgV + 384Hg SV
+ 9216 Hg S*V + 144V~

—> Hog € MQO(UQ(O);Z).



§5. Problems




The remaining problems
(1) The structure of A (Uy(0);7Z),

(2) For the case K = Q(v/—3).

Remarks on (1).

-1) The dificulties come from the factor 6 of Figls, = 6X1¢.
(1-2) AK 46 € M45(U2(O);Z),f dK5g € M53(U2(O);Z) S.t.
Kaels, = X10X36,  Ksgls, = X10Xu4s

only | think!
— we can obtain (1). ... | don’t believe the existences




Eisenstein field case

Nagaoka-K

K:=Q\-3) =
A®) (UQ(O): Z[l/gﬁ 1/3}) — Z[l/?.} 1/3] [E4= Es, F1o, Fi2, XlS]

Eus, = X4, Egls, = X6, Firols, =2X10, Fials, =2X12, xisls, =0.



Thank you for your attention!
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